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1, We shall investigate the control system (Fig.1l)
& = u (1), 2(0) = z° (0) =0 (1.1)
oS<u@®<<y O, yKul) Ky E>7) (1.2)

where the time ¢ = T 18 fixed. We shall call an arbltrary, plece-wise

continuous function u(t) satisfying the restraints (1.2) which has a finite

number of discontinuities of the first kind on any interval ?; << 1<ty an

admissible control. The following variational problem now arises: to find
the control signal u = u,(t) which 1s a

U member of the class of admissible controls
and which ensures control action on the vari-
4, able at x = x, with minimal velocity. The
control u = u,(t) we shall call the optimum
control.
4" [r—— Let us introduce a function
t
o) = S u (t)dt (1.3)
J 7 r 5
Fig. 1 It can be seen that by (1.2), the maximum

ordinate o(t) over an arbitrary interval
;<t<t is

max; ¢ (f) = ¢ (&) <t (1.4)

Hence, the above problem can be reformulated as follows: out of all
curves of(t) possessing o°*(f) , the latter satisfying the relations

ISP <y O, S H<u ¢>71) (1.5)

to find a curve ¢ = @.(t) the ordinate of which will, at the instant t=1¢,
given by the condition

Q, (t)dt ==z, (1.6}

St

attain a2 minimum.

Let us now denote by ¢ a set of curves (1.3) satisfying conditions (1.5)
and (1.6). Let ¥ be a subset of & , the subset composed of continuous
lines y(7,t) with different discrete slopes over particular intervals, each
line dependent on the parameter 7 gl 0<t<T)

P (T, 1) = Juat (Tt T)
uet +u (0 —T) (T << L,)

-

(1.7)
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where for any T < T , the Instant ¢=t, is determined from
ty

S $(r, t)dt ==z, (1.8)
0
We shall show that if the condition
te >T (1.9)
is satisfled, then the functlon
t
eum={uma  @E<i<u) (1.40)

0
where u.*(t) is the optimum control signal anf the time ¢ = ¢ 1s determlned
by (1.6), belongs to the set Y. Indeed, let some curve @°(1), 0t <Ct° > T,
where
to

S(p°(t) it =z, (1.11)
0

which 18 a solution of our problem, be not a member of the set ¥ . Let us

define a point on this curve by the value of 1ts abscissa, namely ¢ = t°,

and let us draw through it a line y(T,,t) , the parameter T, of which is
uniquely determinable ’(Fig.2), ir,
at the same time ¢° (1) =P (T, 8),

° . . 0 <2< ¢t° which we shall assume from
a4 tand =4, now on, then, by (1.5) and (1.7), the
wnf -4, relations

V(L) > (t) (0<ESY),

io
(oo nar>a, (1.12)
)

will obviously be fulfllled for the
ordinates of the curves in question.

Hence, we should be able to con-
struct a line P (1, t), 0 ¢ < t°,
with the parameter T;< T, given by

to
S\p(r,, t)dt =z, (1.13)
0

At t = t°, the value of the ordinate of this line will be less than
o°(t°) , which contradicts the assumption that ¢°(Z) is optimum. In this
manner we have reduced the 1nitial variational problem to the problem of
finding the minimum (still assuming that the inequality (1.9) is fulfilled),
of the function

P (T, t,) = u,t + 1y (¢, — T) (1.14)
the variables T and t, of which, satisfy the relation
%A% 1) = ugtt, — Yaugt® + You, ¢, — T2 — 2, = 0 (1.15)

The unknowns T and ¢, are found from

aF |3t =0, oF Jot, (1.16)
together with (1.15), where

F(r,t,A) =% (vt,)+ Ay (T, 1) (1.47)
where X 1s a multiplier. After the necessary transformations, we obtain

2 C__wm 20, ___ua__ ]
t=arm t*=ul+uzT+[ul o (1.18)
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from which it follows that (1.9) can occur if and only if

2z, Uz v_z'[z Uy 1.19
[ul “m”} >u1+u2T (1.49)

whilch ylelds
1 2u3/w uzzz_ {1.20)

Ty {1 -+ s/ ug? 3

When (1.20) 1s fulfilled, then the optimum control si
governed by the following law: ® signal ux(t) 1s

e (O<E<T)
u ()= {0 (1<ET) (1.21)
uy (T < ly)

where the values of 7T and %, are determined from (1.18). The velocity
of the action of the coordinate x, 1s

. . 2%, Uy 2
min, max, z () =P (T, 4) =m o mE uzT‘* (1.22)
Next we shall show the necessity of fulfilling the condition (1.9) for
the function (1.10). Indeed, let us assume that, for the curve ,(t) ,
0t <ty representing the solution of the initial problem, the instant
t = t, found by means of Formula
]

S Qo(t) dt =z, (1.23)
0

satisfies the inegquality t,<T . We shall now denote by B (Fig.3) a point
on the curve go(t) corresponding to t =%, and draw through ® a line

/2% (Ogt<f)

(1.24)
UaT (T \‘§ i < tO)

o (%, t)—:{

the parameter T = T, of which 1s uniquely determinable, If at the sape
time W, (T4, 1) E o (1), then by (1.5)
and (1.2%), the relations {1.12) in
f which ¥ (T, £),¢9 () and #° should be
replaced by g (Ty, £), §o (!). and to ,
\ respectively, are fulfilled. Conse-
y’ﬂl’t) r=——=f—""""" 5‘ quently, we can construct a curve
}

74

tan@ = i,
tanf = u,

Yo(Ts,t) with the parameter 1T,< T
satisfying (1.13) (where ¢(7,,t) and

¥, L t° are replaced by Wo(Ts,t) and to).
4,1, Ml 4 Its ordlnate at ¢t = £, 1s smaller than
e i a | ‘ P, (15, t,).. Moreover, in this case (as
\ t t/{ well as_in case when g (ty, 1y =g {t},
1L ¢ 0<t<ty) we can construct a line
7 51 5 7 ¢ ¥o{To,t) , the parameter To< T, of
which can be found from
Fig. 3 T

(bo(ro at =z« (1.25)
0
From this it follows that the maximum value of the ordinate

Yo (T T) = 137 (1.26)

of the curve ¥o(T,,%) is lower than the values of g,{%;) and Yo (Ta,t) &
which contradicts the optimum condition for gqo{t) and at the same time
proves the necessity of satisfying the inequality (1.9). The above glves
us also a method for conatructing thé optimum control 1n case, when
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1 + 2u2 / ux ugT2
z, < CFwm/m)y 2 (1.27)
i.e. when Equations (1.18) contradict (1.9). When the relation (1.27) is
fulfilled, the optimum control signal u = u*(t) is determined by the func-
tion P, (15, t), 0 <t T, and has the form

U, ) =u O<t<< 1), u, ) =0 (<t (1.28)
where the instant To of the switch-over 1s found from
Ty =T — [T? — 2z, | uy)]'"® (1.29)

obtained by substituting yo(Ts,2) into (1.25).
The control actlon veloclty on x, 1s
mingmax; 2° (8) = uyTg = up {T — [T? — 2z, / u,]'"?} (1.30)
and the action occurs at the instant ¢ = T ., It can be directly verifiled
that on
_ 13 2us/ur u T
T Tt w/mp 2

the switch-over instants and veloclties of control actions on x, obtained
by means of (1.18), (1.29) and of (1.22), (1.30), are in full agreement.

(1.31)

2. We shall now consider a solution of our problem with another condition
added : that the optimum control will be maintained when t > 0. We shall
introduce the set ¥, (Fig.3) of continuous lines Y, (U, t), 0 <<t < ty, with
a parameter U

Ut 0t T
ww,n={ (<t @.9)
UTH+u(t—T) (T<t<t)
where 0 < U < u;, and the time ¢, 1is found from
t.
S Y1 (U, t)ydt ==, (2.2)
0

Utilizing our previous arguments in Section 1, we shall show that when
t,>T (2.3)

holds, then the function (1.10) is a nember of the set v¥,, so that the ini-
tial variational problem is reduced to finding the minimum of the function

1‘31 (U» t*) = UT + 51 (t* - T) (24)
with the functional relation between the variables U and ¢, given by
%1 (U, t*) = UTt* - 1/2UT2 + 1/21(1 (t* — T)2 — Ty = 0 (25)

which in turn follows from (2.2). Omitting the intermediate reasoning, we
arrive at the values of U and t, for which (2.4) 1s at minimum

U =1u, ty =1oT +[23, [ u1 — 1y T2]'"* (2.6)
Here the optimum control is
Uy (t) = l/2141 (0 < i < T)v Uy (t) = U (T < t < t*) (27)

and the velocity with which it acts on x, at t = t, 1s
mingmax; ' (t) = UT + uy (¢, — T) = w2z, [ u; — ’/4T2]'/’ (2.8)

From the above formulas it follows that (2.3) holds if and only if
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[27, /ur — YT A 21T , or 2, > YanT? (2.9)

Proof can be obtained as in the analogous case in the Section 1. Hence,
when

< Yu,T? (2.10)

the optimum control u,(t) will become
u, )= Uy O<t<D), Up=2 (2 | T% (211)
where U, 1is found from T
S Udtdt =z, (2.12)
0

Velocity of control action on x, at ¢ = T becomes
mingmaxyz’ (t) = Uy = 22, /T (2.13)
and we can verify directly that when the condition
z, = Yu,T?
is fulfilled, the parameters ¢ and U, of the optimum controls and v

cities of control action on x, as calculated by means of (2.6),(2.11), (2 8)
and (2.13), are in full agreement.

Translated by L.K.



